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Abstract
We present an approach to compute the electric and mag-
netic dipole moments of an electron by using polarization
and magnetization parts of the Dirac current. We show that
these dipole moment expressions obtained by our approach
in this study are in agreement with the current experimental
results in the literature. Also, we observe that a magnetic
field plays an important role in the magnitude of the electrical
dipole moment of the electron.
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1 Introduction
The electric dipole moment (EDM) and magnetic dipole mo-
ment (MDM) are very important concepts to understand the
internal structure of a material and, at the same time, the
intrinsic structure of the elementary particles. Therefore, to
describe the mathematical and physical properties of these
concepts, several studies have been carried out since the
beginning of 20th century and they are all summarized in
[ ].In particular, the magnetic dipole moment was considered
by various methods [2, 3, 4]. In addition, the electric dipole
moment has been also investigated by several other experi-
mental [5, 6, 7, 8, 9, 10, 11, 12, 13] and theoretical [14, 15]
studies. For instance, although predicted value by standard
model for the electric dipole moment is of about 10−38e.cm,
physical models beyond the standard model report a larger
value [16] and references therein.
Dirac showed that an electron in an external electric and
a magnetic field has both an electric and a magnetic dipole
moments [17]. The magnetic dipole moment expressed in
his theory of spinning relativistic electron model is propor-
tional to the spin angular momentum of an electron. The
value foreseen in the model for the magnetic dipole moment
is consistent with the experimental values [18, 19]. Also, the
electric dipole moment in the same theory [17] is seen to be
proportional to the particle’s spin, as in the magnetic dipole
∗ysucu@akdeniz.edu.tr; Corresponding author
moment.
Dirac theory gives a probabilistic current density for a Dirac
particle which has an electric and a magnetic dipole moment.
The Gordon decomposition as a well known technique used
to separate the probabilistic current density into the densities
of convection, polarization and magnetization was performed
to discuss the particle creation in 2+1 dimensional gravity
[20]. On the other hand, in the classical electromagnetic the-
ory, the polarization and magnetization densities are defined
as a magnetic dipole moment and electric dipole moment
per unit volume of an electrical and a magnetic material, re-
spectively. From this point of view ,these dipole moments
can be obtained by integrating the polarization and magneti-
zation densities of the Dirac probability current over a hyper
surface of the material in the quantum electrodynamical con-
text, as in classical electromagnetic theory.
The aim of this study is to compute the electric and mag-
netic dipole moments of a Dirac electron. For this, we derive
the magnetization and polarization densities using the ex-
act solutions of the Dirac equation in presence of a constant
magnetic field. Thus, the study defines us a new alternative
prescription in obtaining the electrical and magnetic dipole
moments of a relativistic Dirac particle interacting with any
flat or a curved background. With this alternative prescrip-
tion, we find the magnetic dipole moment of a Dirac electron
to be equal to the Bohr magneton and the electron electric
dipole moment’s magnitude is of about 10−28e.cm. These val-
ues are consistent with the current experimental results.
The outline of the paper is as follows. Section II includes
the exact solutions of the Dirac equation in a constant mag-
netic field. In section III, these solutions are used to write the
components of Dirac currents, the magnetization and the po-
larization densities, obtained via the Gordon decomposition.
From these densities, we compute the electron magnetic and
electric dipole moment. In section IV, we evaluate and sum-
marize the results of the study.
2 Dirac particle in a constant magnetic field
Dirac particle in constant or homogeneous magnetic field is,
naturally, an 2+1 dimensional problem. To discuss the physi-
cal properties of an electron in a constant magnetic field, we
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write the covariant form of the Dirac equation in 2+1 dimen-
sional spacetime:{
iσ
[
∂µ + ieAµ
]}
Ψ(x) = meΨ(x), (1)
where h¯ = c = 1 and σ µ is Dirac matrices in 2+1 dimen-
sional, σ µ = (σ0,σ1,σ2) and σ0 = σ3, σ1 = iσ1, σ2 = iσ2,
which σ1, σ2 and σ3 are Pauli matrices, ∂µ is derivative ac-
cording to x =
(
x0, x1, x2
)
coordinates, and e is charge of the
Dirac particle. Also, Aµ is 3-vector of the electromagnetic
potential in 2+1 dimensions. Ψ(x) is a Dirac spinor with two
components, χ and ϕ , which are called positive and nega-
tive energy eigenstates, respectively, and me is the mass of
Dirac particle [20]. To discuss Dirac particle in an external
constant magnetic field, we choose Aµ , 3-vector of electro-
magnetic potential, as follows;
A0 = 0, A1 = Ax =−B0
2
y,
A2 = Ay =
B0
2
x, (2)
and define the general wave function of an Dirac electron or
Dirac spinor in terms of positive and negative energy eigen-
states as Ψ(x) = e−iEt
(χ
ϕ
)
because the problem of the Dirac
electron in a constant magnetic field is stationary in time. Us-
ing the explicit form of the Pauli matrices, Eq.(1) is reduced
to two coupled first order differential equations system;
(E−me)χ−
[
∂
∂x
− i ∂
∂y
− ieB0
2
y+ e
B0
2
x
]
ϕ = 0,
(E +me)ϕ +
[
∂
∂x
+ i
∂
∂y
− ieB0
2
y− eB0
2
x
]
χ = 0. (3)
After that, as writing Eq.(3) in polar coordinates (r,θ ) and let-
ting χ(ρ ,θ ) = eikθ ρ
1
2 F1 (ρ) and ϕ(ρ ,θ ) = e
i(k+1)θ ρ
1
2 F2 (ρ) by
means of the separation of variable method and by defining
a new independent variable, ρ , as ρ = eB0
2
r2, we get Eq.(3)
as follows;[
d
dρ
− k
2ρ
− 1
2
]
F1(ρ)+
(E +me)√
2eB0ρ
F2(ρ) = 0,[
d
dρ
+
k+ 1
2ρ
+
1
2
]
F2(ρ)− (E−me)√
2eB0ρ
F1(ρ) = 0. (4)
And, the solutions of these equations are obtained as
Ψ = e−(iEt−ikθ+ρ/2)ρ
k+1
2
( N1 1F1[−n, k+1,ρ ]
N2e
iθ ρ 1F1[−n, k+2,ρ ]
)
, (5)
where k is the quantum number of the angular momentum,
n is the principal quantum number, N1 and N2 are normaliza-
tion constants. From Eq.(4) and Eq.(5), we find the following
relation between N1 and N2,
N1 =
(k+ 1)
√
2eB
(E−me) N2,
and determine the energy eigenvalues as follows;
E2 = m2e + 2eB0(n+ k+ 1). (6)
The solutions of the Dirac equation in presence of a con-
stant magnetic field has been already discussed in the litera-
ture [21, 22]. However, we rederive the solutions of the Dirac
electron in presence of a constant magnetic field to compute
the electron EDMs and electron MDMs.
To calculate the EDMs and MDMs from the polarization
and magnetization densities, we need asymptotic expres-
sions of the Dirac electron wave function because contribu-
tions to the dipole moments mainly come from the bound-
aries. So, it is sufficient to normalize the asymptotic expres-
sions of the wave function to obtain the normalization con-
stants, N1 and N2. Then, the asymptotic form of the wave
function becomes
Ψ→ N2e−(iEt−ikθ+ρ/2)
( (k+1)√2eB
(E−me) ρ
δ−1/2
eiθ ρδ
)
(7)
where δ = E
2−m2e−(k+1)eB0
2eB0
= n+ k+1
2
[23] and also the normal-
ization constant, N2, are calculated as
N22 =
eB0
2piΓ(2δ )
(
2eB0(k+ 1)
2
(E−me)2 +(2δ )
)−1
.
3 The dipole moments of an electron
We start by writing the Dirac currents in 2+1 dimensions. Us-
ing Gordon decomposition, the current of the Dirac particle
is separated into the convective part, two polarization and
one magnetization parts in 2+1 dimensions [20], as different
from 3+1 dimensions [29]. The decomposed current in 2+1
dimensions is
Jµ =
1
2me
(
Ψσ µυ (t,r)Ψ
)
,υ
− 1
2me
Ψ
(
i
2
gµυ
←→
∂υ − qAµ
)
Ψ
− i
4me
Ψ
[
συ (t,r) ,σ
µ
,υ (t,r)
]
Ψ
− i
2me
Ψ [σ υ (t,r)Γυ ,σ
µ (t,r)]Ψ
− i
4me
Ψ
[
συ,υ (t,r) ,σ
µ (t,r)
]
Ψ, (8)
where Ψ is hermitian conjugate of the Dirac spinor Ψ and
equals to Ψ = Ψ†σ0 = Ψ†σ3.
The Dirac current can also be separated in terms of the
time, 0, and spatial, l,m = 1,2, components, respectively, as
follows;
J0 = ∂lPl0 +ρconvective
and
Jl = ∂0P0l + ∂mM[ml]+ Jl convective,
where Pl0 are polarization densities and M[ml] is magnetiza-
tion density and their explicit forms are given as
P
l0 =
1
2me
Ψσ l0Ψ (9)
2
S.Gurtas Dogan, G. Gecim and Y. Sucu A New Approach to Compute the Dipole Moments of a Dirac Electron (3 of 5)
and
M
[lm] =
1
2me
Ψσ lmΨ, (10)
respectively, σ0l = i/2
[
σ0,σ l
]
and σ lm = i/2
[
σ l ,σm
]
[22].
Using these relations, we can calculate the total polariza-
tions and magnetization, respectively, on the hyper surface,
dΣkl=dΣ0 = d
2x, as
pl =
∫
P
0ldΣ0 (11)
and
m =
∫
M
12dΣ12. (12)
To compute the total polarization and magnetization densi-
ties, we insert the expression of wave function, Eq.(7), and its
complex conjugate in Eq.(9) and Eq.(10), respectively, and
obtain the densities as follows;
P
1
0 ≈
N22 e(k+ 1)
√
2eB0
2me(E−me) ρ
2δ−1/2e−ρ(eiθ + e−iθ ),
P
2
0 ≈
N22 e(k+ 1)
√
2eB0
2me(E−me) ρ
2δ−1/2e−ρ(eiθ − e−iθ ),
M
0 ≈ N
2
2
2me
(
(k+ 1)2(2eB0)
(E−me)2
ρ2δ−1 +ρ2δ+1
)
e−ρ . (13)
Using the Eq.(11), Eq.(12) and Eq.(13), the electric and mag-
netic dipole moments of the Dirac electron are computed,
respectively, as follows;
p1 = 0
p2 = 0
m =
eh¯
2mec
, (14)
where we insert h¯, Planck constant, and c, velocity of light.
We observe that the computing procedure directly gives a
well-known expression for the magnetic dipole moment of the
electron, as Bohr magneton, but the electrical dipole moment
components vanish because of the axial symmetry stemmed
from θ coordinate. However, if we choose the θ interval, as a
topological deficit of the spacetime, θ ∈ [0,2pi) instead of θ ∈
[0,2pi ], which leads to conical singularity, then, the electrical
dipole moment components are obtained as
p1 =
e h¯ε
2pimec
√
2eB0h¯c
x
(k+ 1)Γ(2n+ k+ 3
2
)(
(k+ 1)2 + ε
2
2eB0h¯c
(2n+ k+ 1)
)
Γ(2n+ k+ 1)
,
p2 = ip1
(15)
where ε = (E −mec2) and it can be interpreted as the ki-
netic energy of the electron. The EDM of the Dirac electron
exhibits an interesting behaviour according to the relation be-
tween ε and
√
2eB0h¯c. In the case of ε ≫
√
2eB0h¯c, the elec-
tron electric dipole moment (eEDM) expression in Eq.(3) is
reduced the following form,
p1 ≃ eλC
√
2eB0h¯c
ε
,
where λC is the Compton wavelength of the electron that
λC =
h¯
mec
. In this case, the eEDM increases with
√
B0. Op-
positely, in the case of ε ≪√2eB0h¯c, the eEDM expression
becomes
p1 ≃ eλC ε√
2eB0h¯c
,
and the eEDM decreases with 1√
B0
. And from the condition of
d2 p1
dB2
0
< 0, we see that the eEDM takes maximum value in the
B0 =
(2n+k+1)ε2
2ech¯(k+1)2
. To gain insight into the electrical dipole mo-
ment expression, we plot it according to the magnetic field,
B, and the kinetic energy, ε, in the following Fig.(1-2):
0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.00
0
1
2
3
4
5
6
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e.
m
]x
10
-2
6
B(T)x10 -7
Figure 1: Calculated eEDMs under constant magnetic fields
by using Eq.(3). In this calculation, we assume that an elec-
tron being in a 133Cs atom has ε = 2.6× 105eV and it under-
goes transition from 6S1/2 to 6P3/2.
6 7 8 9 10 11 120
-4
-3
-2
-1
0
1
2
3
4
P(
e.m
)x
10
-2
6
(J)x10-14
Figure 2: Calculated eEDMs under constant magnetic fields
by using Eq.(3). In this calculation, by using E−mec2, the ki-
netic energy and magnetic field values for the same transition
and atom , respectively , ε = [10−14,10−12.5J] and B = 10−10T
.
In order to indicate the completeness of our approach and
behaviour of eEDM, we first calculate the dipole moment by
3
S.Gurtas Dogan, G. Gecim and Y. Sucu A New Approach to Compute the Dipole Moments of a Dirac Electron (4 of 5)
using the Eq.(3) under constant magnetic field for an electron
being in a 133Cs atom. For this calculation 6S1/2 −→ 6P3/2
transition and experimental values in Ref.[24] are used for
kinetic energy of an electron and magnetic field. Here, we
assume that electron has a kinetic energy of ε = 2.6× 105eV
and external magnetic field becomes in the range of B0 =
[0,4]×10−7T . Fig.1 shows that as the magnetic field strength
increases, the eEDM slightly increases and does not change
dramatically and it is also in the order of magnitude of 10−24
with unit of (e.cm). It is obviously seen that our calculation
for above example is very close to previous findings[24].
Table 1: eEDM values for different magnetic fields and the
kinetic energy values of an e− in 133Cs atom.
ε = (E−mec2) B0 eEDM
(eV ) (G) (e.cm)
a)1010 [1,6]× 10−3 3× 10−28
b)1010 [1,6]× 102 9× 10−26
c)105 [1,6]× 103 3× 10−20
d)109 [1,6]× 103 3× 10−24
We can also extend our calculations to different values of
kinetic energy of an electron being in a 133Cs atom and ex-
ternal magnetic fields for 6S1/2 −→ 6P3/2 transition. We first
keep the ε constant at 1010 eV while gradually increasing the
B0. Then, the B0 is kept constant at 6.0× 10−1 while increas-
ing the ε. Using the values for ε and B0 given in Table I, we
obtain the large number of values for eEDM as shown in third
column of Table I.
Table 2: Comparison of our approach with previously pub-
lished experimental studies.
ε = (E−mec2) B0 eEDM in this work Bound f or |de|
(eV ) (G) (e.cm) (e.cm)
2.6× 105 1.0× 10−3 3.1× 10−24 |de| ≤ 7.7× 10−22 [24]
6.0× 106 2.0× 10−6 5.9× 10−27 |de|=1.3× 10−29 [25]
1.0× 107 2.55× 10−2 2.3× 10−25 |de|=(2.7± 8.3)× 10−27 [26]
1.0× 107 7.0× 10−3 2.1× 10−25 |de|=4.0× 10−27 [27]
0.1× 107 9.0× 10−3 2.0× 10−25 |de| ≤ 1.6× 10−27 [28]
In order to check the validity of our approach, we compare
our calculations with previously published researches. In our
all calculations, reported values for B0, ε and related transi-
tion for an atom are considered. For example, eEDM is, first,
calculated for B0 = 2.0×10−10T and ε = 6.0×106eV , and it is
obtained as 5.9× 10−27e.cm for 62S1/2 −→ 72P1/2 transition in
205Tl atom. Secondly, we use 0.255× 10−4T and 1.0× 107eV
values for B0 and ε, respectively. For 6
2P1/2 −→ 72S1/2 tran-
sition in 205T l atom, the eEDM’s magnitude is calculated
as 2.3× 10−25e.cm. Moreover, for 7.0× 10−7T of B0 and
1.0× 107eV of ε values, the eEDM’s magnitude is found as
2.1× 10−25e.cm for 6P1/2 −→ 6P3/2 transition in 133Cs atom. In
our last calculation for 9.0× 10−7T of B0 and 0.1× 107eV of ε
for 205Tl in its 62P1/2 ground state, the eEDM’s magnitude is
obtained as 2.0×10−25e.cm. Our above calculations and pre-
vious findings are summarized in Table II. It can be clearly
seen from the Table II that for each calculation we find eEDM
values being very close to formerly reported values in the
range of ignorable error.
4 Conclusion
In this study, we present an approach to compute the electri-
cal and magnetic dipole moments of the electron by integrat-
ing the polarization and magnetization densities of the elec-
tron current on the hyper surface, respectively. The dipole
moment expressions obtained by the approach are in com-
patible with the current experimental results. We also see
that the magnetic field has an important effect on the elec-
trical dipole moment of the electron: At first the eEDM in-
creases with the square root of the magnetic field,
√
B0, until
it reaches to a maximum value for a certain value of the mag-
netic field, and then it decreases with 1√
B0
. It is important to
note that no matter how less its value gets it never reaches to
the value (i.e. 10−38e.cm) predicted by the standard model,
even if the magnitude of the magnetic field is in the Planck
scale (i.e. the eEDM → 10−34e.cm as B0 → 1053T). From
these results in the study, we clearly see that, in the case
of ε ≪√2eB0h¯c, the magnetic field, B0, squeezes or focuses
the charge distribution of the electron.
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